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eGAP elastic generalized assignment problem
eSSCFLP elastic single source capacitated facility location problem
GAP generalized assignment problem
IP integer program
KP knapsack problem
KPC knapsack problem with a single continuous variable
LP linear program
MIP mixed-integer program
SSCFLP single source capacitated facility location problem
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1 Introduction into the Topic
During the last decades, there has been a lot of success in the development of efficient
algorithms for several optimization problems in the operational research community.
This is supported on the one hand by the rapid development of the hard- and software,
that is available at relatively small cost and on the other hand by the arising importance
of the optimization of all processes of a company to ensure its competitiveness on
local and a fortiori on global markets. Therefore, a company can not only consider the
internal processes, it has to manage the whole supply chain. That is the management
of material and information flows both in and between facilities, such as vendors,
manufacturing and assembly plants and distribution centers, see Thomas and Griffin
[13]. Due to the very complex interconnections and dependencies of the elements
of such a supply chain, its optimization in reasonable time requires an underlying
mathematical program which can then be solved by efficient algorithms using modern
hard- and software.
Such a mathematical program can be built e.g. only by integer variables, which is then
called integer program, IP for short. Naturally, the binary variables, a special case of
the integer ones, are included as well. A brief excerpt from these programs is given by
the following basic IPs: the knapsack problem, KP for short, see e.g. Martello et al.
[8], Martello et al. [9] and Pisinger [11], the generalized assignment problem, GAP for
short, see e.g. Savelsbergh [12], D´ıaz and Ferna´ndez [4] and Yagiura et al. [15], et
cetera. These are called basic IPs, because they can be used for
• optimizing rudimental real–life problems, applied one-to-one or adjusted just a
little to the specific case
• solving relaxations of more complex problems, where the complexity corresponds
to the number of constraints.
Although most of the research of the last decades has focused on the IPs, these
programs are often not sufficient: for most real–life applications, unfortunately, the
environment can not be represented appropriate, neither by such basic IPs nor by more
complex ones with more constraints and more integer variables. This challenge can
only be solved by using additionally continuous variables in the LP. The corresponding
optimization problem is then called mixed-integer program, MIP for short.
To show the need of using MIPs instead of IPs, we present a simple example, the
knapsack problem with a single continuous variable, KPC for short, which is based
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on the classic knapsack problem, KP. Therefore, the objective is to choose items in
order to maximize profit without exceeding a given capacity of an arbitrary ressource.
While this capacity can not be influenced according to the KP, the KPC considers the
opportunity to extend or reduce, respectively, the available capacity. Extending capacity
reduces profit while reducing capacity increases the profit. A real–life application for
the KPC can be found in determining the optimal choice of investment projects for a
one-period time horizon with the opportunity to lend or place money on the capital
market. The given budget at the beginning of the period is the limited resource, which
is reduced if a project is selected. For every project, the investor gains a pay-off at the
end of the period. So far, this problem is similar to the classic KP. But in real–life,
normally one can use the capital market in order to get money for realizing profitable
projects or to place money for returning a dividend. Thus, for the KPC the objective
is to maximize the overall pay-off, which results directly from the projects and from
the capital market. Certainly, one has to observe additionally the cost that occur if
the given budget was not sufficient and money had to be let on the capital market.
Note that the KPC can be extended easily to represent even better the reality by either
introducing further periods or different interest rates for lending and placing money.
For optimizing MIPs it is of course possible to develop always a new algorithm for each
of them. But obviously, this is very expensive: On the one hand, based on the endless
number of potentially occurring MIPs and on the other hand, based on the complexity
of a MIP itself. It is well–known, that several IPs are NP-hard, NP-hardness follows
straightforwardly for these MIPs, that are based on the corresponding IP, e.g. the KPC
based on the KP, see among others Nauss [10]. This fact implies, that already finding
a feasible solution might require a lot of computational efforts which is obviously a
burden if the MIP should be optimized.
Additionally, there are several approved approaches available for optimizing IPs, e.g.
efficient algorithms and very powerful commercial solvers. Thus, instead of developing
a new approach for each MIP, the basic idea of this thesis was to check, if it is admirable
to reduce a MIP to the corresponding integer one, e.g. the KPC to the KP, in order
to apply the well-known algorithms for it.
For the KPC, some related work can be found in Kellerer et al. [6], who reduced a
IP to another well–known one: the bounded knapsack problem to the classic KP. In
comparison to the classic KP, this problem offers the possibility to select one item more
often up to an upper bound. In the same work as well as in Martello and Toth [7]
one can get also some first insights in the replacement of continuous coefficients by
integer ones for the KP. But to the best of our knowledge, there is no work available
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so far which combines both approaches and moreover, which transfers the results to
more complex MIPs and analyzes the resulting problems.
Since the KPC is one of the basic MIPs, our research started on reducing it to the
KP. The theoretical results are then carried over to the elastic generalized assignment
problem, eGAP for short, which is the classic GAP extended by continuous variables to
adjust the capacities. In addition to the reduction of the eGAP to GAP, we present an
heuristic, which combines several well–known elements for the optimization of a stan-
dard GAP in a new way. Of course, all developed approaches have been implemented
and computer based tested to proof the efficiency. The corresponding articles for all
research topics will be described in the next chapter.
2 Survey of the underlying Articles
In the following we will give an overview of the three articles, on which this thesis is
based. For each, we present briefly:
• the complete title and author names
• the abstract of the article
• the interconnection between the articles
• the content and the main results
• the current status of publication
All three articles are currently available in ”Manuskripte aus den Instituten fu¨r Betrieb-
swirtschaftslehre” at the Christian-Albrechts-University at Kiel.
2.1 Reducing the 0-1 Knapsack Problem with a Single Contin-
uous Variable to the Standard 0-1 Knapsack Problem
Marcel Bu¨ther, Dirk Briskorn (2007): Reducing the 0-1 Knapsack Problem with a
Single Continuous Variable to the Standard 0-1 Knapsack Problem, Manuskripte aus
den Instituten fu¨r Betriebswirtschaftslehre der Universita¨t Kiel, No. 629
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Abstract 1. The 0-1 knapsack problem with a single continuous variable (KPC) is a
natural extension of the binary knapsack problem (KP), where the capacity is not any
longer fixed but can be extended which is expressed by a continuous variable. This
variable might be unbounded or restricted by a lower or upper bound, respectively.
This paper concerns techniques in order to reduce several variants of KPC to KP which
enables us to employ approaches for KP. We propose both, an equivalent reformulation
and a heuristic one bringing along less computational effort. We show that the heuristic
reformulation can be customized in order to provide solutions having an objective value
arbitrarily close to the one of the original problem.
Obviously, this article has been developed together with Dirk Briskorn, where the
workload has been split equally. First, we highlight special cases of the KPC, which
result from different restrictive bounds on the continuous variable. Additionally, we
show, that the KPC can always be optimized by solving at most three standard KPs.
If therefore all coefficients are integers, each KP can be handled very efficient by the
algorithm combo. This algorithm was developed by Martello et al. [8] and it is currently
the state–of–the–art approach for standard KPs with integer coefficients, see Martello
et al. [9].
But, the main importance of this paper for the whole thesis results from its fundamental
behavior regarding the treatment of a MIP. Here, we present for the first time the
replacement of a continuous variable by several binary ones. Since we limit the solution
space by using binary instead of continuous variables, we only get an upper bound
on the objective function value for a maximization problem. However, as already
mentioned above, we are able to show, that this bound can be arbitrarily close to the
optimal objective function value by adapting the IP-reformulation appropriate. Since
the KPC is one of the basic MIPs, it is only built by the objective and one constraint, we
used it as a starting point for transferring the developed idea of replacing a continuous
variable to handle more complex MIPs. This is the content of our next articles.
2.2 Reducing the Elastic Generalized Assignment Problem to
the Standard Generalized Assignment Problem
Marcel Bu¨ther (2007): Reducing the Elastic Generalized Assignment Problem to the
Standard Generalized Assignment Problem, Manuskripte aus den Instituten fu¨r Be-
triebswirtschaftslehre der Universita¨t Kiel, No. 632
Abstract 2. The elastic generalized assignment problem (eGAP) is a natural extension
of the generalized assignment problem (GAP) where the capacities are not fixed but
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can be adjusted which is expressed by continuous variables. These variables might be
unbounded or restricted by a lower or upper bound, respectively. This paper concerns
techniques in order to reduce several variants of eGAP to GAP which enables us to
employ standard approaches for the GAP. This results into an heuristic, which can be
customized in order to provide solutions having an objective value arbitrarily close to
the optimal one.
While there exist several efficient algorithms for the GAP, see e.g. Yagiura et al.
[15], the eGAP has not been studied much so far, although it is of great practical
relevance. To the best of our knowledge, there is only one recent paper by Nauss [10]
for a special case of the eGAP. It concerns a branch&bound algorithm to solve small
but hard instances. To handle larger instances, we transferred the same replacement
techniques for the continuous variables by binary ones, like developed for the KP.
This article has been developed on my own and the main result of the replacement
of the continuous variables can be summarized as follows: the modified eGAP can
be reduced to a standard GAP, which enables us to use well-known approaches one–
to–one. Thus, in this work, we passed the IP reformulation of the eGAP as well as
the eGAP itself to the state–of–the–art commercial branch&bound solver CPLEX by
ILOG. The occurring computation times and the obtained bounds on the objective are
not worse for the reformulation than that, given by the original MIP, using the same
time limit. In contrast, since the commercial solver is optimized for standard IPs, in
some cases it can present better results based on the IP than on the MIP.
2.3 Beam Search for the Elastic Generalized Assignment Prob-
lem
Marcel Bu¨ther (2008): Beam Search for the Elastic Generalized Assignment Prob-
lem, Manuskripte aus den Instituten fu¨r Betriebswirtschaftslehre der Universita¨t Kiel,
No. 634
Abstract 3. The elastic generalized assignment problem (eGAP) is a natural extension
of the generalized assignment problem (GAP) where the capacities are not any longer
fixed but can be adjusted which is expressed by continuous variables. These variables
might be unbounded or restricted by a lower or upper bound, respectively. This paper
describes an algorithm based on beam search, combined with Lagrangian relaxation
and local search to provide strong lower as well as upper bounds for the eGAP.
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The article is based on the results of the previous work. When solving the IP refor-
mulation of the eGAP, the used commercial solver was not able to solve all instances
to optimality due to memory lacks. Of course, the same occurred for the MIP in even
more cases. Thus, we developed an heuristic, based on beam search, see Valente and
Alves [14], a truncated version of the classical branch&bound algorithm. It is working
on the IP reformulation, because then we are able to apply solution methodologies
one–to–one that have been already successfully developed and tested for the GAP, like
Lagrangian relaxation, see e.g. Baker and Sheasby [1] and local search, see e.g. D´ıaz
and Ferna´ndez [4].
The results of the computational study can be summarized as follows: The obtained
lower bounds by Lagrangian relaxation on the IP-reformulation are already better than
that, delivered by the commercial solver based on the corresponding LP–relaxation of
the MIP. Since we set the parameters for beam search very restrictive in this work,
the obtained upper bounds of our heuristic are not yet as good as those obtained by
CPLEX. But for future work we can adapt our parameter settings furthermore and
thus enlarge the search to obtain better bounds. This is not straightforward possible
for CPLEX, too, because CPLEX runs out of memory even for small instances where
the beam search algorithm has an almost constant memory demand.
Hence, this paper just points out the potential of our beam search algorithm, which
can be improved furthermore by redefining the used parameters and by additionally
including other approved building blocks for the standard GAP, like e.g. scatter search,
see Glover et al. [5].
3 Summary and Outlook
Summarizing the results of all three articles of this thesis, we can determine for the
MIPs regarded, that the reduction to a standard IP provides several advantages and
possibilities: It enables us to use well–known and approved approaches instead of
developing always a new algorithm for each MIP. This treatment of a MIP reduces the
analytic and computational effort for optimizing it.
Based on the results so far we will focus amongst others on the following three topics
in the future:
i So far we tested our reformulation only on a few well–known classes of hard
instances of the GAP, see Yagiura et al. [15], modified to eGAP according to
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Nauss [10]. These classes will be extended furthermore regarding all parameters
of the problem to confirm the present results. Additionally we will try to built
instance generators for even harder MIP instances for the eGAP as well as for
the KPC, which can not be handled at all by the commercial solver and strictly
require applying approaches like introduced in this work.
ii Our beam search heuristic contains several well–known approaches for the GAP.
Regarding the computational results therefore, we notice, that we can redefine
the parameter settings furthermore to obtain even better bounds on the objec-
tive function value. Moreover, we will try to transfer other, not yet regarded
approaches for solving classic IPs, see above.
iii Finally, we will examine further MIPs, whether the results obtained so far, can
be transferred therefor, too. One example for an additional MIP is the elastic
single source capacitated facility location problem, eSSCFLP for short. This
problem is a natural extension of the single source capacitated facility location
problem, SSCFLP, see e.g. D´ıaz and Ferna´ndez [3] or Barcelo´ et al. [2] for
a detailed description. Briefly, the SSCFLP aims at determining the optimal
selection of facility locations, each with a given capacity limit in order to serve
all customers at minimum cost: fixed cost for operating a facility as well as
assignment cost. Like for the eGAP, the eSSCFLP considers the opportunity to
adjust the capacities.
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